Abstract. We present a new method for constructing genus 2 curves over a finite field Fn with a given number of points on its Jacobian. This method has important applications in cryptography, where groups of prime order are used as the basis for discrete-log based cryptosystems. Our algorithm provides an alternative to the traditional CM method for constructing genus 2 curves. For a quartic CM field K with primitive CM type, we compute the Igusa class polynomials modulo p for certain small primes p and then use the Chinese remainder theorem (CRT) and a bound on the denominators to construct the class polynomials. We also provide an algorithm for determining endomorphism rings of ordinary Jacobians of genus 2 curves over finite fields.
Introduction
In cryptography, some public key protocols for secure key exchange and digital signatures are based on the difficulty of the discrete logarithm problem in the underlying group. In that setting, groups such as the group of points on an elliptic curve or on the Jacobian of a genus 2 hyperelliptic curve may be used. The security of the system depends on the the largest prime factor of the group order, and thus it is desirable to be able to construct curves such that the resulting group order is prime. This paper presents an alternative to the CM (Complex Multiplication) algorithm for generating a genus 2 curve over a finite field with a known number of points on its Jacobian.
The CM algorithm for genus 2 is analogous to the Atkin-Morain CM algorithm for elliptic curves proposed in the context of primality testing ( [AM93] ). Whereas the Atkin-Morain algorithm generates the Hilbert class polynomial of an imaginary quadratic field K by evaluating the modular j-invariants of all elliptic curves with CM by K, the genus 2 algorithm generates what we will refer to as the Igusa class polynomials of a quartic CM field K by evaluating the modular invariants of all the abelian varieties of dimension 2 with CM by K. Just as the j-invariant of an elliptic curve can be calculated in two ways, either as the value of a modular function on a lattice defining the elliptic curve as a complex torus over C or directly from the coefficients of the equation defining the elliptic curve, the triple of Igusa invariants ( [Igu60, Igu62] ) of a genus 2 curve can also be calculated in two different ways. Using classical invariant theory over a field of characteristic zero, Clebsch defined the triple of invariants of a binary sextic f defining a genus 2 curve y 2 = f (x). Bolza showed how those invariants could also be expressed in terms of theta functions on the period matrix associated to the Jacobian variety and its canonical polarization over C. Igusa showed how these invariants could be extended to work in arbitrary characteristic ( [Igu67, p. 848 ], see also [GL04, Section 5.2]), and so the invariants are often referred to as Igusa or Clebsch-Bolza-Igusa invariants.
To recover the equation of a genus 2 curve given its invariants, Mestre gave an algorithm which works in most cases, and involves possibly passing to an extension of the field of definition of the invariants ( [Mes91] ). The CM algorithm for genus 2 curves takes as input a quartic CM field K and outputs the Igusa class polynomials with coefficients in Q and if desired, a suitable prime p and a genus 2 curve over F p whose Jacobian has CM by K. The CM algorithm has been implemented by Spallek ([Spa94] ), van Wamelen ( [vW99] ), Weng ([Wen03] ), Rodriguez-Villegas ([RV00]), and Cohn-Lauter ( [CL01] ). This method requires increasingly large amounts of precision of accuracy to obtain the theta values necessary to form the class polynomials. The running time of the CM algorithm has not yet been analyzed due to the fact that no bound on the denominators of the coefficients of the Igusa class polynomials was known prior to the work of [GL04] .
The idea of the algorithm we present here is to calculate the Igusa class polynomials of a quartic CM field in a different way than the CM algorithm does. Our method generalizes the algorithm for finding the Hilbert Class polynomial given in [ALV04] to the genus 2 situation. Given a quartic CM field K with primitive CM type, for each small prime p in a certain set we determine the Igusa class polynomial modulo p by finding all triples of invariants modulo p for which the corresponding genus 2 curve has CM by K. The Igusa class polynomial is then found using the Chinese Remainder Theorem (or the explicit CRT as in [ALV04] ) and a bound on the denominators of the coefficients.
Several difficulties arise in the genus 2 situation which are absent in the elliptic curve case. In this paper we resolve the following issues: the field of definition of a CM abelian variety, necessary conditions on the small primes for the algorithm to succeed, and the computation of the endomorphism ring of the Jacobian of a genus 2 curve in the ordinary case.
1.1. Statement of the Theorem. We will refer to a quartic CM field K with primitive CM type as a primitive quartic CM field. Given a primitive quartic CM field K, let A be a system of representatives for the set of isomorphism classes of principally polarized abelian varieties over C having complex multiplication by O K . For each abelian variety A ∈ A let (j 1 (A), j 2 (A), j 3 (A)) be the absolute Igusa invariants of A. Then the Igusa class polynomials H i , for i = 1, 2, 3, are defined to be
It is known ( [Shi98] ) that roots of these polynomials generate unramified abelian extensions of the reflex field of K. It is also known that Igusa class polynomials can be used to generate genus 2 curves with CM by K, and thus with a given zeta function over a suitable prime field (cf. Section 3). In this paper we prove the following theorem.
Theorem 1. Given a quartic CM field K with primitive CM type, the following algorithm finds the Igusa class polynomials of K:
(1) Produce a collection S of small rational primes p ∈ S satisfying: a. p splits completely in K and splits completely into principal ideals in K * , the reflex of K.
b. Let B be the set of all primes of bad reduction for the genus 2 curves with CM by K. Then S ∩ B = ∅.
c. p∈S p > c, where c is a constant determined in Theorem 3.
(2) Form the class polynomials
where T p is the collection of F p -isomorphism classes of genus 2 curves over F p whose Jacobian has endomorphism ring isomorphic to O K .
(3) Chinese Remainder
Step. Form H i (X) from {H i,p } p∈S (i = 1, 2, 3).
Remark 1. Condition 1(a) is enough to insure that p solves a relative norm equation in K/K 0 , ππ = p, π a Weil number (cf. Proposition 4 below).
Remark 2. By [GL04] , the primes in the set B and in the denominators of the class polynomials are bounded effectively by a quantity related to the discriminant of K. Furthermore, it follows from [Gor97, Theorems 1 and 2] and the discussion in [GL04, Section 4.1] that condition 1(b) is implied by condition 1(a).
Remark 3. It follows from the Cebotarev density theorem that the density of the primes in the set S is inversely proportional to the class number of K in the case that K is Galois cyclic. In the non-Galois case, the density is inversely proportional to the degree of the normal closure of the composite of K with the Hilbert class field of the reflex of K.
Our algorithm has not been efficiently implemented yet, and we make no claims about the running time. Our algorithm has the advantage that it does not require exponentially large amounts of precision of computation. It was recently brought to our attention that the paper [CMKT00] proposes a similar algorithm, but they give no proof of the validity of the approach. Indeed, they fail to impose the conditions necessary to make the algorithm correct and include many unclear statements. Also, while revising this paper, a p-adic approach to generating genus 2 curves was given in [GHKRW] . No comparison has yet been made between the different available approaches.
In Section 3 we show how Theorem 1 can be used to generate genus 2 curves with a given zeta function. The proof of Theorem 1 is given in Section 4. Implementation details for the algorithm are given in Section 5. In Section 6 we show how to determine the endomorphism ring of an ordinary Jacobian of a genus 2 curve. Section 7 gives an example of the computation of a class polynomial modulo a small prime.
Notation
Throughout this paper, C denotes a smooth, projective, absolutely irreducible curve, and J = J(C) will be its Jacobian variety with identity element O. The field, K, is always assumed to be a primitive quartic CM field, with ring of integers O K . The real quadratic subfield of K is denoted by K 0 , and a generator for the Galois group Gal(K/K 0 ) is denoted by a bar, ω →ω. We will write K * for the reflex of the quartic CM field K. For i = 1, 2, 3 we let H i (X) be the Igusa class polynomials of K, and for a prime p ∈ S we let H i,p := H i mod p. For a field F , F will denote an algebraic closure of F . We say that C has CM by K if the endomorphism ring of J(C) is isomorphic to the full ring of integers O K .
Generating genus 2 curves with a given zeta function
Our algorithm solves the following problem under certain conditions. Problem: Given (n, N 1 , N 2 ), find a genus 2 curve C over the prime field F n such that #C(F n ) = N 1 and #C(F n 2 ) = N 2 . Given such a C, it follows that #J(C) (F n 
, it is straightforward to find K, the quartic CM field such that the curve C has CM by K, by finding the quartic polynomial satisfied by Frobenius. Write N 1 = n + 1 − s 1 , and N 2 = n 2 + 1 + 2s 2 − s 2 1 , and solve for s 1 and s 2 . Then K is generated over Q by the polynomial
If s 2 is prime to n, then the Jacobian is ordinary ([How95, p. 2366]). Assume that (s 2 , n) = 1. We also restrict to primitive CM fields K. If K is a quartic CM field, then K is not primitive iff K/Q is Galois and biquadratic (Gal(K/Q) = V 4 ) ([Shi98, p. 64]). In the example in Section 7, K is given in the form
, with a, b, d ∈ Z and d and (a, b) square free. In this form the condition is easy to check: K is primitive iff a 2 − b 2 d = k 2 for some integer k ([KW89, p. 135]). Assume further that K does not contain a cyclotomic field.
Given the data, (n, N 1 , N 2 ), satisfying the assumptions, compute K and its Igusa class polynomials H 1 , H 2 , H 3 using Theorem 1. From a triple of roots modulo p of H 1 , H 2 , H 3 for a prime p ∈ S, we can construct a genus 2 curve over a finite field F p whose Jacobian has CM by K using the combined algorithms of Mestre ([Mes91] ) and Cardona-Quer ( [CQ05] ). If the curve does not have the required number of points on the Jacobian, a twist of the curve may be used. In the case where 4 group orders are possible for the pair (n, K) (cf. Section 5.1), a different triple of invariants may be tried until the desired group order is obtained.
Proof of Theorem 1
Given a primitive quartic CM field K, let A be a system of representatives of the isomorphism classes of principally polarized abelian surfaces over C with CM by K. Each element of A has a field of definition k which is a finite extension of Q ([Shi98, Prop. 26, p. 96]). For any prime p ∈ S satisfying the conditions of Theorem 1, the set T p was defined in Step 2 of Theorem 1 as the collection of F p -isomorphism classes of genus 2 curves over F p with endomorphism ring isomorphic to O K . We claim that we have a bijective correspondence between A and T p . Moreover, we claim that reducing the Igusa invariants gives the Igusa invariants of the reduction. Taken together, these can be stated in the form of the following theorem:
Theorem 2. Let K be a primitive quartic CM field and let p ∈ S be a rational prime that satisfies the conditions of Theorem 1. Then
where H i,p (X) and T p are defined as in Theorem 1.
Proof. Let A ∈ A be a principally polarized abelian surface with CM by K, defined over a number field k. Let k 0 be its field of moduli (see [Shi98, p. 27] for the definition). By class field theory, p splits completely into principal ideals in K * if and only if p splits completely in H * , the maximal unramified abelian extension of
Proposition 2.1 of loc. cit. also shows that A has good reduction at any prime β of O H * . Let A p be the reduction of A modulo a prime above p. Then because p splits completely in the Galois closure of K, A p is ordinary ([Gor97, Theorems 1 and 2]) and because p splits completely into principal ideals in K * , A p is defined over F p . By condition 1(b) of Theorem 1, A p is the Jacobian of a genus 2 curve C over F p ([OU73] ). Then C is an element of T p .
We must show that this correspondence is one-to-one and onto. To show that it is one-to-one, we can generalize the argument in [Lan73, Theorem 13, p. 183f.]: Let A, B ∈ A, and for p ∈ S let A p and B p be the reductions of A and B as above. Assume that A p and B p are isomorphic over F p , and let ε : B p → A p be an isomorphism. The varieties A and B both have CM by K, hence there exists an isogeny λ : A → B ([Shi98, Corollary, p. 41]) giving rise to a reduced isogeny λ p : A p → B p . Since the endomorphism ring of A is preserved under the reduction map, there exists α ∈ End(A) such that the reduction α p satisfies α p = ε • λ p . Let C be the image of the map λ × α : A × A → B × A. With a similar argument as in [Lan73, p. 184] , one can then show that C is the graph of an isomorphism between A and B. Similarly, if there is an isomorphism of the principal polarizations on A p and B p then this isomorphism lifts to an isomorphism of the polarizations on A and B. This shows that the correspondence is one-to-one.
The correspondence is onto because, given a genus 2 curve C over F p with CM by K representing a class of T p , its Jacobian J(C) is ordinary and so it can be lifted, along with its endomorphism ring and its polarization, to its "Serre-Tate canonical lift" A defined over the Witt vectors
. Let L be the field generated over Q by all the coefficients of the equations defining A. Then A is defined over L and since L has finite transcendence degree over Q, we can embed it into C. So we can lift J(C) to an abelian variety with CM by K defined over C.
By assumption, no prime above p ∈ S is a prime of bad reduction for a genus 2 curve with CM by K, so by [GL04, Cor 5.1.2], p ∈ S is coprime to the denominators of the class polynomials H i (X). We claim that reducing the coefficients of H i modulo p gives the same result as taking the polynomial whose roots are the absolute Igusa invariants of the curves over F p with Jacobians equal to the reductions modulo a prime above p of the abelian varieties A representing the classes of A. Since the absolute Igusa invariants are rational functions in the coefficients of the curve, the order of computation of the invariants and reduction modulo a prime can be reversed as long as the primes in the denominator are avoided and an appropriate model for the curve is chosen.
Theorem 3. Suppose the factorization of the denominators of the Igusa class polynomials is known. Let ν be the largest numerator of the coefficients of the H i (in lowest terms), and let λ be the least common multiple of the denominators of the coefficients of the H i (i = 1, 2, 3). Let S be a set of rational primes such that S ∩ B = ∅ and p∈S p > c, where c = λ · ν. Then the Chinese Remainder Theorem can be used to compute the class polynomials H i (X) ∈ Q[X] from the collection {H i,p } p∈S , i = 1, 2, 3.
Proof. By assumption λ is prime to all p ∈ S. The polynomials
have integer coefficients. For each p ∈ S let
Apply the Chinese Remainder Theorem to the collection {F i,p } p∈S to obtain a polynomial which is congruent to F i ∈ Z[X] modulo the product p∈S p. Since c was taken to be λ times the largest numerator of the coefficients, we have found F i , and so
Remark 4. It was proved in [GL04] that the primes dividing the denominators are bounded effectively in terms of the field K by a quantity related to the discriminant. The power to which each prime in the denominator appears has also been bounded in recent work of Goren, and so we can conclude that we have a bound on the denominators of the class polynomials.
Proof of Theorem 1. The proof of Theorem 1 now follows immediately from Theorem 2 and Theorem 3.
5. Implementation 5.1. The possible group orders for each p. Suppose that C is a genus 2 curve defined over F p with CM by K. To find all possible group orders for J(C)(F p ), let π ∈ O K correspond to the Frobenius endomorphism of C. Since the Frobenius satisfies ππ = p, it follows that the relative norm of π is p, i.e. N K/K 0 (π) = p, and hence N(π) = N K/Q (π) = p 2 . So if K is fixed, primes p for which there exist genus 2 curves modulo p with CM by K are primes for which there are solutions to the relative norm equation:
Proposition 4. Fix a primitive quartic CM field K, and a rational prime p. Assume that there are no non-trivial roots of unity in K. Then (A) There are either 0, 2 or 4 possibilities for the group order #J(C)(F p ) of curves C with CM by K.
(B) Under the additional assumption that p splits completely into principal ideals in K * and splits completely in K, there are always 2 possible group orders in the cyclic case and 4 possible group orders in the non-Galois case.
Proof. We consider all possible decompositions of the prime p in K. Case 1: There exists a prime ideal p of K 0 above p that does not split in K. In this case there is no solution to the relative norm equation. Case 2: The rational prime p is inert in K 0 /Q, and the prime p of K 0 above p splits in K with P 1 |p and P 2 |p. We have P 1 = P 2 . In this case there are two ideals of norm p 2 , P 1 and P 2 . If P 1 is not principal, then there are no solutions to the norm equation. If P 1 is principal with generator π, then P 2 = (π), and ππ = p. The elements π and π are Galois conjugates, so by Honda-Tate π and −π give rise to all possible group orders. Let π 1 := π, and let π 2 , . . . , π 4 be its conjugates over Q.
(1 − (−π i )) are the 2 possible group orders for the Jacobian.
Case 3: p splits completely in K/Q, with P 1 , . . . , P 4 lying above p and with P 1 = P 2 , and P 3 = P 4 . Then P := P 1 P 3 , Q := P 1 P 4 , and P and Q are the only ideals with relative norm p.
Subcase (a) If K/Q is Galois, then the Galois group is cyclic, since we assumed that K was a primitive CM field ([Shi98, p. 65]). Let σ be a generator of Gal(K/Q). Then w.l.o.g. P 2 = P σ 2 1 , P 3 = P σ 1 , and P 4 = P σ 3 1 . Thus P = P 1 P σ 1 = (P 1 P σ 3 1 ) σ = Q σ , so if P is principal, so is Q, and their generators, ω and ω σ give rise to isogenous curves. Hence if P is principal, then there are two possible group orders as before, and if it is not principal, then the relative norm equation has no solution.
Subcase (b) If K/Q is not Galois, then the Galois group of its splitting field is the dihedral group D 4 ([Shi98, p. 65]). In this case P and Q are not Galois conjugates. So if both P and Q are principal, then there are 4 possible group orders, if only one of them is principal, then there are 2 possible group orders, and otherwise there are no solutions to the relative norm equation.
Statement (A) follows from the 3 cases considered above. Statement (B) concerns Case 3. If K is Galois, then K = K * and the additional assumptions imply that P is principal, and then there are 2 possible group orders. If K is not Galois, let L be the Galois closure with dihedral Galois group Gal(L/Q) = τ, σ : τ 2 , σ 4 , τ στ σ such that K is the fixed field of τ and the CM type is {1, σ}. Then σ 2 is complex conjugation. According to [Gor97, Theorem 2], a rational prime p that splits completely in L with P := pO L decomposes as follows in K and K * :
,
By assumption, P * 1 , P * 2 , P * 3 , P * 4 are principal. Thus both P and Q are principal since P = P 1 P 3 = P * 3 (P * 4 ) σ , and Q = P 1 P 4 = P * 1 (P * 1 ) τ . Thus there are 4 possible group orders when K is not Galois.
5.2.
Generating the collection of primes S. In practice to generate a collection of primes belonging to S there are several alternatives. One approach is to run through small primes checking the splitting behavior in K and K * using a computational number theory software package like PARI. A second approach is to generate solutions to the relative norm equation directly, then check each solution for the splitting in K and K * and check for the other solution to the relative norm equation in the case that K is not Galois. One advantage to this approach is that it gives direct control over the index of Z[π, π] in O K in terms of the coefficients c i of π, the solution to the relative norm equation (cf. Proposition 5).
Computing Igusa class polynomials modulo p. Let p ∈ S.
To compute the Igusa class polynomials mod p we must find all F p -isomorphism classes of genus 2 curves over F p whose Jacobian has CM by K. This can be done as follows:
(1) For each triple of Igusa invariants modulo p, generate a genus 2 curve with those Igusa invariants using an implementation of the Mestre-CardonaQuer algorithm ([Mes91] , [CQ05] ).
(2) Let N p := {(n 1 , m 1 ), (n 2 , m 2 ), . . . , (n r , m r )} be the set of possible group orders (#C(F p ), #J(C)(F p )) of curves C which have CM by K as computed above in Section 5.1.
(3) Collect all curves C such that (#C(F p ), #J(C)(F p )) ∈ N p as follows: for each triple of invariants and a corresponding curve C, take a random point Q on J(C). Multiply Q by m 1 , . . . , m r and check if the identity element is obtained for some r. If not, then C does not belong to T p . If a curve passes this test, then count the number of points on the curve and its Jacobian over F p to check whether the Jacobian has the right isogeny type. This procedure obtains all curves in the desired isogeny class. For each curve in the desired isogeny class, the endomorphism ring of the Jacobian contains the ring Z[π, π] and is contained in the ring O K . The curve is included in the set T p only if End Fp (J(C)) = O K . In the next section, we will show how to test this property by computing the endomorphism ring End Fp (J(C)). 
Since K 0 has class number 1, we have a relative integral basis of O K over O K 0 . We can choose a relative basis of the form {1, κ}, and by [SW96] , in the case that d ≡ 2, 3 mod 4, κ is either
In each case the index of Z[
Here, in each case the index of Z[
, and hence
, and hence Lemma 6. Under the conditions of Section 6.1, to show that the endomorphism ring of a curve is the full ring of integers O K , it is necessary to test whether:
(
Here the c i 's are the coefficients of π written in the relative basis. (3) κ is an endomorphism, where κ is one of the 7 possible elements listed in Section 6.1 in the case that a 2 − b 2 d is square free.
If any one of these conditions fails, we conclude that the endomorphism ring of the curve is not the full ring of integers O K . When a 2 − b 2 d is not square free then the relative integral basis is listed in the table in [SW96, p. 186] . This algorithm can also be modified to test whether the endomorphism ring of the curve is some other subring of O K or to compute the endomorphism ring exactly.
To test whether √ d, η, and κ are endomorphisms, we express them as above as polynomials in π and π with integral denominators determined by the c i . It will be proved in Section 6.3 below that in each case it suffices to check whether the numerator acts as zero on the s-torsion, where s is the denominator.
6.3. Action on s-torsion.
Proposition 7. Assume that k is an algebraically closed field and that A, B, C are abelian varieties over k. Let β : A → B, γ : A → C be two isogenies with β separable and Ker(β) ⊆ Ker(γ). Then there is a homomorphism δ : B → C such that δ · β = γ.
Proof. This proof follows the argument of Remark 7.12 in [Mil98, p. 37 ]. Since β is separable, we can form the quotient abelian variety A/ Ker(β). From the universal property of A/ Ker(β) we have a regular map A/ Ker β → B, which is again separable and bijective. Since B is nonsingular, this implies that it is an isomorphism. Thus B ∼ = A/ Ker(β). After identifying B with A/ Ker(β) and using the universal properties of quotients again we find that there is a unique regular map δ such that δ · β = γ. Moreover, δ is automatically a homomorphism because it maps O to O. Suppose r is such that r · A[s] = 0. Since s is separable, this implies that r = ts for some endomorphism t of A by Proposition 7 above applied with A = B = C, β = s and γ = r. This implies that r ∈ Rs, which proves the claim.
We will frequently use the following Corollary 9. Let A, k be as in Proposition 8. Let n be a positive integer coprime to the characteristic of k. Suppose that α : A → A is an endomorphism, with A[n] ⊆ Ker(α), i.e. α acts as zero on the n-torsion. Then α = β · n = n · β, for some endomorphism β, i.e. α is divisible by n in R = End k (A).
6.4. Computing the index using division polynomials. In [Can94] , Cantor finds recursive formulae for division polynomials for hyperelliptic curves with one point at infinity, P ∞ . The rth division polynomials he defines are (δ r (X), r (X)) such that (δ r (
where (x, y) is a point on the curve thought of as the point (x, y) − P ∞ on the Jacobian. For a general point on the Jacobian represented as D = P 1 + P 2 − P ∞ , we see that rD = 0 iff rP 1 = −rP 2 . If P 1 = (x 1 , y 1 ) and P 2 = (x 2 , y 2 ), then we can write down a system of equations and an ideal, I r , defining the solutions to the system, where I r is an ideal in F p [x 1 , x 2 , y 1 , y 2 ]. Various ways of finding the ideal I r have been investigated, from Gröbner bases to resultant computations (see [GH00] and [GS05] ).
The ideal I r can be used to test the action of endomorphisms on the rtorsion. For example, to check that π k (or any other polynomial in π) acts like a on the r-torsion, it suffices to check that in
Even if the best method for computing the I r is not yet completely well understood in practice, in theory this is likely the most efficient way to compute the action of endomorphisms on r-torsion.
6.5. Computing the index through direct computation of the action of Frobenius on the torsion subgroups. In practice, we used a computational number theory software package like MAGMA to compute the group structure of J(C)(F p k ) for small values of k. Using the generators of J(C)(F p k ) we then explicitly computed the action of Frobenius on various torsion subgroups to determine whether or not certain elements of the ring of integers are endomorphisms. An example will be given in the next section. In the example we will use the following fact repeatedly:
Fact 10. Let γ k be a positive integer which is coprime to p. All the γ ktorsion is defined over F p k if and only if
Fact 10 follows immediately from Corollary 9. Note that it is not true in general that the field of definition of the r-torsion for all m is enough to determine the endomorphism ring. We found examples of curves where the the field of definition of the r-torsion was the same for all r, but the endomorphism rings were different because the action of Frobenius on the torsion subgroups was different. However, there are special cases where checking the field of definition of the torsion is enough:
Remark 5. In the case where O K is generated by elements of the form π k −1 γ k , for some collection of pairs (k, γ k ), then equality of the endomorphism ring with O K can be checked simply by checking the field of definition of the γ k -torsion.
Example
Let K := Q(i 13 − 3 √ 13). In this example we will find the Igusa class polynomials of K modulo 43 by finding all genus 2 curves C defined over F 43 (up to isomorphism over the algebraic closure of F 43 ) such that End(J(C)) ∼ = O K , where O K is the ring of integers of K. Let K * be the reflex of K. Since a 2 − b 2 d = 2 2 · 13, the extension K/Q is cyclic ([KW89, p. 88]), and hence
The real quadratic subfield of K is K 0 := Q( √ 13). The prime 43 splits completely into principal ideals in K = K * . The class number of K is 2, and so since K is Galois, we expect two classes of curves over The characteristic polynomial of the Frobenius element corresponding to π is ψ(t) = 1849t 4 + 344t 3 + 50t 2 + 8t + 1.
Let C be a curve over F 43 whose Frobenius is ±π. Then the possibilities for (#C(F 43 ), #J(C)(F 43 )) are (52, 2252) and (36, 1548). Using MAGMA we found (up to isomorphism over F 43 ) 67 curves whose Frobenius is ±π. However, not all 67 curves have endomorphism ring equal to the full ring of integers. To eliminate those with smaller endomorphism ring, we first observe that π 4 − 1 12 = −2 + 24 √ 13 + 17 2 √ 13i 13 − 3 √ 13 + 113 2 i 13 − 3 √ 13 ∈ O K .
Then Fact 10 implies that any curve whose endomorphism ring is the full ring of integers must have the full 12-torsion defined over F 4 43 . We can check that this eliminates all but 6 of the 67 curves. The Igusa invariants of the remaining 6 curves are: We expect only 2 curves over F 43 (up to isomorphism) with CM by K. To eliminate the other 4 curves from this list, it is enough in this case to check the action of Frobenius on the 4-torsion. By Corollary 9, δ = π+π+6 4
is an endomorphism of J(C) if and only if π + π + 6 acts as zero on the 4-torsion, or equivalently, π + π acts as multiplication-by-2 on the 4-torsion.
Consider a curve C with Igusa invariants (20, 23, 19) given by the equation C : y 2 = 5x 6 +21x 5 +36x 4 +7x 3 +29x 2 +32x+10 over F 43 . All the 4-torsion is defined over a degree 4 extension, and we can use MAGMA to compute a basis for the 4-torsion by computing the abelian group structure over the degree 4 extension.
We can then compute that the action of Frobenius on the 4-torsion is given in terms of some basis by the matrix F , and the action of π is given given by V : From this it is easy to see that π + π = [2] on the 4-torsion, so δ is an endomorphism of C. Performing the identical computation on a curve C with Igusa invariants (36, 21, 6), we find that δ is also an endomorphism for this curve. Doing the same calculation for the remaining 4 triples of Igusa invariants (3, 24, 36), (4, 29, 28), (29, 24, 13), (20, 21, 29), we see that π + π = [2] does not hold on the 4-torsion in those cases, so δ / ∈ End(J(C)) for any of the corresponding curves.
